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1 Motivation and literature review
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Update the hessian approximation
¡+@H\  k}W}~ﬃBdZ
^
uxr
ô`_
§}  §~
a
@k¢=~3Z\kŁi~¢¢k¢Cq
H` = H`−1 +
(g`−1 − H`−1d`−1)(g`−1 − H`−1d`−1)
T
(g`−1 − H`−1d`−1)Td`−1
^
ô`t_
a
k}
d`−1 = y` − y`−1
~ﬃ
g`−1 = ∇f(y`) −∇f(y`−1) ³
t+¨@~
H`
+@+¢¢k~}Q $\@
a
@k ¡;uxr
ô
³
ô`Z
Stopping criteria
qî@~ﬃ¡}   #=k}\}6@¢;;i+Qk
a
°~¢ ³
¬
l 
` ≥ ` ; gÖ ~ m6 Ö  =@ ﬀQk}#k}~3¨Z}°~ﬃ¢ ³ um
ur¨iî#u6u
=
Û~ﬃ
y∗ = y`
~ﬃŁuxqizw ³
¬
l  ‖∇f(y`)‖ ≤ 10−6 F °~ﬃ+°~3} @~ﬃb¢=k}¡¢  ~ß=°~ﬃ
     6  ß¢ }¢ }¢¢gvkŁur¨iî#u6u
=
}
y∗ = y`
~ﬃŁuxqizw ³
¬
l ¨@  ¢\;¢\k}Qk  u¢k
Z
³
Z
 k}F\@¢g¢ 
 }¢§m}~@Ł }¢ ~}¢ 1k}}Lßk}~@ ³­[ ßm
ur¨iî#u6u
=
Û~ﬃ
y∗ = y`
~ﬃŁuxqizw ³
2.2 Identification of unpromising convergence
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3.3.1 Comparison of VNS with competitors except GVNS
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A List of test functions
A.1 Branin RCOS Function (RC)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê RC(x1, x2) = (x2 − (5.1/4pi
2)x21 + (5/pi)x1 − 6)
2 + 10(1 − (1/8pi)) µ{¶mÊ (x1) + 10
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −5 < x1 < 10
Í 0 < x2 < 15
ä
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3Àºå+Ç¢æ (x∗1, x
∗
2) = (−pi, 12.275), (pi, 2.275), (9.42478, 2.475);
RC(x1, x
∗
2) = 0.397887
A.2 Easom Function (ES)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê ES(x1, x2) = −
µ{¶mÊ (x1)cos(x2)e
−(x1−pi)
2−(x2−pi)
2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −10 < xj < 10
Í j = 1, 2 ä
ê
Ò°¹5êk¹/Æ5Ç··È¶kµ\Ç·åDÀº¿3Àºå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ (x∗1, x
∗
2) = (pi, pi); ES(x1, x
∗
2) = −1
A.3 Rastrigin Function (RT)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê RT(x1, x2) = x
2
1 + 2x
2
2 − 0.3
µ{¶mÊ (3pix1) − 0.4
µ{¶mÊ (4pix2) + 0.7
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −1 < xj < 1
Í j = 1, 2 ä
ê
ØvÇ¿°¼î·È¶¢µ­Ç·åDÀº¿3Àºå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ (x∗1, x
∗
2) = (0, 0); RT(x1, x
∗
2) = 0
u
A.4 Shubert Function (SH)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê SH(x1, x2) = (
5∑
j=1
j µ{¶¸Ê ((j + 1)x1 + j))(
5∑
j=1
j µ­¶¸Ê ((j + 1)x2 + j))
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −10 < xj < 10
Í j = 1, 2 ä
ê
©?ï¸ß	·È¶¢µ­Ç·åDÀº¿3Àºå+Ç
ê
Þﬁð0ì¸·È¶
Ù
Ç·åDÀÚ¿Àºå+Ç¢æ SH(x1, x
∗
2) = −186.7309
A.5 De Joung Function (DJ)
ê&ñ
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê DJ(x1, x2, x3) = x
2
1 + x
2
2 + x
2
3
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −5 < xj < 5
Í j = 1, 2, 3 ä
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ (x∗1, x
∗
2, x
∗
3) = (0, 0, 0); DJ(x1, x
∗
2, x
∗
3) = 0
A.6 Hartmann Function (H3,4)
ê&ñ
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê H3,4(x) = −
4∑
i=1
cie
−
3∑
j=1
aij(xj−pij)
2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ 0 < xj < 1
Í j = 1, 2, 3 ä
êﬀò
·È¶¢µ­Ç·åDÀÚ¿Àºå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (0.114614, 0.555649, 0.852547);
H3,4(x∗) = −3.86278
i aij ci pij
1 3.0 10.0 30.0 1.0 0.689 0.1170 0.2673
2 0.1 10.0 35.0 1.2 0.4699 0.4387 0.7470
3 3.0 10.0 30.0 3.0 0.1091 0.8732 0.5547
4 0.1 10.0 35.0 3.2 0.0381 0.5743 0.8828
A.7 Hartmann Function (H6,4)
ê
ï	êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê H6,4(x) = −
4∑
i=1
cie
−
6∑
j=1
aij(xj−pij)
2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ 0 < xj < 1
Í j = 1, . . . , 6 ä
ê
ï	·È¶¢µ­Ç·åDÀÚ¿Àºå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿ÀÚåÂ3å¨æ x∗ = (0.201690, 0.150011, 0.476874, 0.275332, 0.311652, 0.657300);
H6,4(x∗) = −3.32237
i aij ci
1 10.0 3.0 17.0 3.50 1.70 8.00 1.0
2 0.05 10.0 17.0 0.10 8.00 14.00 1.2
3 3.00 3.50 1.70 10.0 17.00 8.00 3.0
4 17.00 8.00 0.05 10.00 0.10 14.00 3.2
i pij
1 0.1312 0.1696 0.5569 0.0124 0.8283 0.5886
2 0.2329 0.4135 0.8307 0.3736 0.1004 0.9991
3 0.2348 0.1451 0.3522 0.2883 0.3047 0.6650
4 0.4047 0.8828 0.8732 0.5743 0.1091 0.0381
A.8 Shekel Functions (S4,m)
êﬀò
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê S4,m(x) = −
m∑
i=1
(
4∑
j=1
(xj − aij)
2 + c(i))−1
ê&ñ
íãÂ¿µ5½MÀÈ¶¿ﬃÊÇÆ¬¹£µ{¶¸¿ÊMÀºÅ¹/Æ/¹{Å1Ím¿Çåî¹5·º¼æ S4,5
Í S4,7
Ç¿ﬃÅ S4,10
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ 0 < xj < 10
Í j = 1, . . . , 4 ä
ê m ·È¶¢µ­Ç·åDÀº¿ÀÚå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (4, 4, 4, 4) ó
S4,5(x∗) = −10.1532 Í S4,7(x∗) = −10.4029 Ç¿Å S4,10(x∗) = −10.5364
ue
i aij ci
1 4.0 4.0 4.0 4.0 0.1
2 1.0 1.0 1.0 1.0 0.2
3 8.0 8.0 8.0 8.0 0.2
4 6.0 6.0 6.0 6.0 0.4
5 3.0 7.0 3.0 7.0 0.4
6 2.0 9.0 2.0 9.0 0.6
7 5.0 5.0 3.0 3.0 0.3
8 8.0 1.0 8.0 1.0 0.7
9 6.0 2.0 6.0 2.0 0.5
10 7.0 3.6 7.0 3.6 0.5
A.9 Rosenbrock Function (Rn)
ê n êÇ\Æ¬ÀÈÇ
Ù
·È¹{ÊUáQÀÚ½M¾ n = 2, 5, 10, 50, 100
ê Rn(x) =
n−1∑
j=1
(100(x2j − xj+1)
2 + (xj − 1)
2)
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −5 < xj < 10
Í j = 1, 2, . . . , n
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (1, . . . , 1) Í Rn(x
∗) = 0
A.10 Zakharov Function (Zn)
ê n êÇ\Æ¬ÀÈÇ
Ù
·È¹{ÊUáQÀÚ½M¾ n = 2, 5, 10, 50
ê Zn(x) =
n∑
j=1
x2j + (
n∑
j=1
0.5jxj)
2 + (
n∑
j=1
0.5jxj)
4
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −5 < xj < 10
Í j = 1, 2, . . . , n
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (0, . . . , 0) Í Rn(x
∗) = 0
wf
A.11 Hump Function (HM)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê HM(x1, x2) = 1.0316285 + 4x
2
1 − 2.1x
4
1 +
1
3
x61 + x1x2 − 4x
2
2 + 4x
4
2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −5 < xj < 5
Í j = 1, 2 ä
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3Àºå+Ç¢æ (x∗1, x
∗
2) = (0.0898, −0.7126).(−0.0898, 0.7126);
HM(x1, x
∗
2) = 0
A.12 Griewank Function (GRn)
ê n êÇ\Æ¬ÀÈÇ
Ù
·È¹{ÊUáQÀÚ½M¾ n = 6, 10
ê GRn(x) =
n∑
j=1
x2j /4000 −
n∏
j=1
µ{¶mÊ (xj/
√
j) + 1
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −10 < xj < 10
Í j = 1, 2, . . . , n
ê
ØvÇ¿°¼î·È¶¢µ­Ç·åDÀº¿3Àºå+Ç
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (0, . . . , 0) Í GRn(x
∗) = 0
A.13 Colville Function (CV)
êﬀò
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê CV(x) = 100(x21 − x2)
2 + (x1 − 1)
2 + (x3 − 1)
2 + 90(x23 − x4)
2 + 10.1((x2 − 1)
2 +
(x4 − 1)
2) + 19.8(x2 − 1)(x4 − 1)
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −10 < xj < 10
Í j = 1, . . . , 4
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (1, 1, 1, 1) Í CV(x∗) = 0
A.14 Dixon Function (DX)
ê
Þ­ß	êÇÆ7ÀãÇ
Ù
·º¹­Ê
ê DX(x) = (1 − x1)
2 + (1 − x10)
2 +
9∑
j=1
(x2j − xj+1)
2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −10 < xj < 10
Í j = 1, . . . , 10
wô
êÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (1, . . . , 1) Í DX(x∗) = 0
A.15 Martin&Gaddy Function (MG)
êÀë
êÇ\Æ¬ÀãÇ
Ù
·È¹­Ê
ê MG(x) = (x1 − x2)
2 + (x1+x2−10
3
)2
ê
ÏQÇ¿ ìk¹W¶?í=Àº¿3ÀÚ½7ÀÈÇ·×¶¸ÀÚ¿¢½¬Ê{æ −20 < xj < 20
Í j = 1, 2
ê
ÑQ¶·º¶¢µ\Ç·åDÀº¿3Àºå#Âå
ê|î
·º¶
Ù
Ç·åDÀº¿3ÀºåÂ3å¨æ x∗ = (5, 5) Í MG(x∗) = 0
wﬃZ
